Miscellaneons Examples

.o a set A, show that Rym R, is
be 41 and R. are equivalence relations ina:

Example 41 [f R, 2

also an equivalence relation.

Solution Since R and R, are equivalence relations, (.a, a;{ AR, is reflexive. Further
This implies that (a, @) € R, N R,, Va, showing R, EZR and (b, @) € R, =
@b)e R "R = (@ b)e R, and (a, b) € R% =>.(b; a) € K, B e R AR ~and
1?1;; a) € Ri} AR, hence, R N R, is symmetric. Similarly, (a, b) o ! > X
b, c) € R!m&;:(a, c)€ R and (@, c) ® R, = (a,0) € R, N R,. This shows tha
R NR is transitive. Thus, R N R, is an equivalence relation.

Example 42 gt R be a relation on the set A of ordered pairs of positive integers
defined by (x, y)R (u, v) if and only if xv = yy. Show that R is an equivalenc

>alution Clearly, (x, y) R (x, y), (x. y) € A, since xy =
reflexive.-Further, (x, MR, v)= xy = YU = uy
shows that R is Symmetric. Similarly, (x, y)R (u,

, .da) € R,,VCIEA.
€ R,and (a4, a .

e relation,

Yx. This shows that R s
- " and hence (y, ) R (x, V). This

\ V) and (u, V)R (q, b) = xy = Vi and
ub = yg = fi'-yu—r:é AV — =y =
‘ » u A u Xb~)’a.andhence (x, y) R a. by R
s transive. Thug; R is an Cquivalence refation | A D). Thus,
xompde 43 Lo X 2 (), o, 3.4,5,6,7 ¢
bY R, = {(x, VX =y s divigg )

,':. v " ] L =4 / Il
e EC e 7)) W) e g 5 MOther pepy X zive
(2,5, 8 T vy (3 ) on X given by

LI J, 6, 9 } \\h
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RELATIONS AND FUNCTIONS 27

Note that the charactenstic of sets {1, 4, 7}, {2. 5. 8} and {3. 6. 9} is
%Bﬁfcrence between any (wo elements of these sets is a muluple ot 3. Thetefore.
(.)€ R = v visamultple of 3 = {x. v} < {1.4.7) or {x. v} € {2.5. 8}
or {"\. v {3.6.9) = (x.y) € R, Hence, R, C R,. Similarly, {x, y} € R, = {x, y}
c{l.4 7}or {x.v} € {2,5.8} or {x, v} < {3,6,9) = x — y is divisible by
3 = {x. v} € R,. This shows that R, c R,. Hence, R, = R,

B 4 Letf: X — Y be a function. Define a relation R in X given by
Qgif&i‘f b fla) = fib)}. Examine whether R is an equivalence relation or not.

\ . Foreverya € X, (a,a) € R, since f(a) =f(a), showing that R is reflexive.

M. (@ b) € R = f(@) = f(b) = f(b) = (@) = (b, a) € R. Therefore, R is
symmetric. Further, (a, b) € R and (b, ¢) € R = f(a) = f(b) and f(b) = f(¢c) = f(a)
= f(c) = (a, ¢) € R, which implies that R is transitive. Hence, R is an equivalence
relation.

... .. Determine which of the following binary operations on the set R are
B8 #9nd which are commutative.

(a+b)
2

(a) a*b=1V a,be R (b) a*b= V a,.be R

S0

sﬁ) Clearly. by definition a * b = b * g = 1, Va, b € R. Also
(a*b)*c=(1=*c)=1 anda*(b*c)=a*(1)=1, vy a. b.ce R. Hence
R is both associative and commutative.

. a+b b+u :
~ (b) a+hb= 5 = 5 =b*a shows that = is commutative. Further.
a+b
(a * b) * ¢ = = * (.
[atb). .
L2 } ‘ _a+b+2c
- 2 T4
But ¢;*(b*(-)=a*(b:€)
_ 2 _2a+b+c _a+b+2c .
= > = 3 # 2 In general.

Hence, * is not associative.

e ————




28 MATHEMATICS

: = (1,2, 3)toitself }
| 4/ Find the number of all one-on¢ functions from set A (1,2,3)

- - rmutation on threg
o . itself is simply @ P€ ks
A1 4 One-one function from {1, 2, 3} to ne maps from {1, 2,3} t0 itself i

symbols 1, 2, 3. Therefore, total number of one-0 1 08 hich is 31 = 6. g
same as total number of permutations on three symooIs &, & = TR §
: Let A= {1,2,3). Then show that the number of relations contai gL, 3y
i.\.ib'-}: ¢ 17 tA= g ey I ]

i ; etric is three.
and (2. 3) which are reflexive and transitive but not symim

ich is reflexive and
., The smallest relation R, containing (1, 2) and (2, 3) which

- , . Now, if we add
transitive but not symmetricis {(1. 1), (2, 2),‘(3, 3), (]3 2{; (2, ?'l)e:)fil\::) t}r - nsitive but n
the pair (2. 1) to R, to get R,, then the relation R, will be l{ew X tl;e sired relatil
symmetric. Similarly, we can obtain R, by adding (3,2)to R, ! 33 B R ot a time,
However, we can not add two pairs (2, 1), (% 2? or su.lgk pair (3, /' iln transiti\;ity
by doing so, we will be forced to add the remaining pair in orde.r tl:).m “T——e
and in the process, the relation will become symmetric also which 1s not req y :
the total number of desired relations is three.

i

Show that the number of equivalence relation in the set {1, 2, 3} containing
(1,2)and (2, 1) 1s two.

The smallest equivalence relation R, containing (1, 2) and (2, 1) is {(1, 1),
2.2), (3, 3), (1, 2), (2, 1)}. Now we are left with only 4 pairs namely (2, 3), (3, 2), §
(1,3) and (3. 1). If we add any one, say (2, 3) to R,, then for symmetry we must add
(3.2) also and now for transitivity we are forced to add (1, 3) and (3, 1). Thus, the only |
equivalence relation bigger than R is the universal relation. This shows that the total
number of equivalence relations containing (1, 2) and (2, 1) is two.

Show that the number of binary operations on {1, 2} having 1 as identity
and having 2 as the inverse of 2 is exactly one.

Abinary operation * on {1, 2} is a function from (1,2} x
a function tfrom {(1. 1), (1,2),(2, 1), (2,2)} » (1, 2). Sin , . !
. . ’ LI K Cc S =Y .

desired binary operation *, * (I, 1) =1, * (1,2) = 2, « @ =l2'“. thdb identity t‘or ﬂ;
left is for the pair (2, 2). Since 2 is the inverse of 2, j.¢. * (2’ ) ‘dn the only chot
the number of desired binary operation is only one ' 14 2) must be equal to 1. Thus:

K Consider the
Show that although [ is o

(2} to {1, 2}, 1.

identity function |

nto but [ + | i

NTN

(IN + IN) (X) = IN (X) + [N

Sotution Clearly 1 is ont

in the co-domain N such
(I, + 1Y (x) =2x =3,

N = N defineg

i doas | X)= FE N
' N"')NdCﬂHCd as N(r) xVx

(x)
that th:re dN °

=x - L
* =2 s not onge,

’ wt:
0€s not exist & Can find an elemcnt3

Y X in the domain N witl
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Consider a function f : [(),2—]—-)[( given by f(x) = sin x and

—

. n - , ,
£ [O. —;J—)R given by g(x) = cos x. Show that fand g are one-one, but f + g 1s not

one-one.
Solutio; Since for any two distinct elements x, and x, in [05] , Sin x, # sin X, and

COs X, # COS X, both f and g must be one-one. But (f+2 0)= sin 0 + cos 0=1and

f+g T | = SN T +cos— =1 Therefore f + g is not one-one.
g 2 J 2 2 . ’
/

v iienollaneons Exercise on Chapter |




n this chapter, we studied different types of relations and equivalence relation,

somposition of functions, invertible functions and binary operations. The main features
of this chapter are as follows:

- Empty relation is the relation R in X givenby R = ¢ < X x X,
Universal relation is the relation R in X given by R = X x X.
Reflexive relation R in X is a relation with (a, ) € R vaes X

& Symmetric relation R in X is « relation satistying (e, b) € R wplics (b. )€ R,

v« Transitive relation R.in X is a relation satisfying (a, b) € R and (b, ¢) € R
§ implies that (a,c) € R. |
Equivalence relation R in X is a relation which is reflexive, symmetric and
transitive.

Equivalence class [a] containing a € X for an equivalence relation R in X is
the subset of X containing all elements b related to a.

¥ ° . A function f: X = Y is one-one (or injective) if '
flx) =fx)=>x=x V X X, € X,

P A function f: X = Y is onte (or surjective) if given any v€ Y,3xe Xsuch
_ that f(x) = y. - |

P 4 Afonction f: X = Y is one-one and onto (or bijective), if fis both one-one

Bl and onto.

- The composition of functions FrA—=>Band ¢: B - Cis the function

g 8FIASCgivenby gof v = gV v & A,
fogml, :

4 A function f: X — Y is invertible if and only if fis one-one and onte



Given a finite set X, a functionf: X = Xis one-one (respectively onto) if ang
only if fis onto (respectively one-one). This is the characteristic property of 2
~ finite set. This is not true for infinite set
A binary operation * on a set A is a function * from A x A to A.
An element e € X is the identity element for binary operation * : X x X = X,
ifa*e=a=e*a Vae X |
An element a € X is invertible for binary operation * : X x X — X, if
there exists b € X such thata * b= e = b * q where, e is the identity for the
binary operation *. The element b is called inverse of a and is denoted by a™.

¥ An operation * on X is commutative ifa * b= p * g va, b in X.
Anopemtion*onXismsocxhtiveif(a*b)*c=a*(b*C)Va,b’cinx,

1
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